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Summary

We describe asymptotic analysis of true amplitude DMO

processing and of an o�set continuation partial di�eren-

tial equation. They are equivalent at o�set zero in 2.5D.

However, the OC result is true for all o�sets and does

not depend on the 2.5D assumption. We further show

how the output of the DMO processing can be used for

AVO/AVA analysis.

Introduction

Dip moveout (DMO) maps data at �nite o�set to

pseudo zero-o�set data. O�set continuation (OC) maps

common-o�set data from one o�set to another. Thus,

DMO is a special case of o�set continuation with �nal

o�set, zero. In this paper, we describe analysis of the

amplitude of DMO and OC for the response to curved

re
ectors in a constant background medium.

DMO maps the arrival times of re
ection \events"

at zero-o�set arrival times. However, analysis of the

e�ect on amplitude has, until now, been incomplete;

earlier work Liner [1990, 1991], Bleistein [1990], Black,

et al. [1993], Zhang [1988], described the amplitude

mapping of DMO on model data for planar re
ectors.

However, analysis of curvature e�ects was lacking. We

present that here. (See, Tygel, etal, 1995a,b for an al-

ternative approach to this problem.)

O�set continuation provides another approach to

the DMO problem and is more general [Fomel, 1995a,

1995b; Deregowski and Rocca, 1981; Bolondi, etal.,

1982]. This method is based on a kinematically derived

wave equation in o�set, midpoint, and time [Fomel,

1994, Goldin and Fomel, 1995]. Thus, it properly pre-

dicts the transformation of traveltime, since it is de-

rived from the kinematics of OC. This approach was

also shown to predict the same DMO amplitude res-

ult presented here for the curved re
ector response in

2.5D. However, the amplitude analysis of OC for map-

ping to arbitrary o�set has not been carried out before.

The derivation of the OC partial di�erential equation|

OCPDE|is based on kinematics alone|essentially, a

di�erential equation for wave propagation predicted

from a dispersion relation, equivalent to proposing the

wave equation from knowledge of the eikonal equa-

tion, alone. This approach cannot guarantee that the

amplitude is correct; only the second order terms of

the OCPDE are predictable from the kinematics. This

method misses �rst order terms in the OCPDE these

are terms that would e�ect amplitude. We con�rm by

the analysis described here that, for the leading order

\WKBJ" amplitude, there are no such \missing" �rst

order terms in the OCPDE earlier [Fomel, 1994, Goldin

and Fomel, 1995].

Below is a list of the results of our analysis of amp-

litude for DMO and OC.

(i) The input o�set traveltime is mapped to the zero-

o�set traveltime by the DMO processing and it is

mapped to the output o�set traveltime by the OC partial

di�erential equation.

(ii) The re
ection coe�cient at the input o�set is pre-

served; neither formalism maps the initial re
ection coef-

�cient to a new \�nal" value.

(iii) For DMO, the bandwidth of the source is scaled

by the cosine of the incidence angle and the source sig-

nature in the frequency domain is compressed into a

smaller bandwidth. For OC, the bandwidth is scaled

by the ratio of cosines of incidence angles; the band-

width is compressed when mapping to smaller o�sets

and stretched when mapping to larger o�sets.

(iv) The input o�set geometrical spreading that char-

acterizes the dip of the re
ector, alone, is mapped to

the corresponding zero-o�set geometrical spreading by

DMO or to the output o�set geometrical spreading

factor by the OCPDE.

(v) The new result here is that the input o�set geo-

metrical spreading due to re
ector curvature is mapped

to the output o�set geometrical spreading e�ect due

to curvature. This is true for either the DMO or

for the solution of the OCPDE. For DMO, this new

result has been proven only for the two-and-one-half

dimensional|2.5D|case. For OC, the result is not re-

stricted to 2.5D.

For AVO/AVA analysis, we propose two DMO pro-

cessing formulas whose ratio on re
ection event peaks

is the cosine of the specular incidence angle at the input

nonzero-o�set. Thus, for a given event on the zero-o�set

trace, the ratio of these outputs at variable o�sets, 2h,

provides us data for a table of specular incidence angles,

�S(h). We propose, here, a method for stripping away

all constituents of amplitude except the re
ection coe�-

cient. This leads to an estimate of the angularly depend-

ent re
ection as a function of h and allows us to add a

third column to our table, R(cos �S(h)), to complete the

data set for AVO/AVA analysis.

The DMO formalism

To derive of the true amplitude DMO formalism, we use

Born inversion for common-o�set data cascaded with
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Born modeling to zero-o�set to produce a zero-o�set

data set from the input �nite o�set data set|both for a

constant background speed, c. The common-o�set is 2h

around a variable midpoint, y.

Symbolically, u(y; !; h) to u0(x0; !0):

u0(x0; !0) =M

�
Ih [u(y; !; h)]

�
: (1)

The inner operator Ih produces a Born approximate

Earth model, �h(�1; �3), while the outer operatorM pro-

duces zero-o�set data from this Earth model. The cas-

caded kernel is a function of y; !; h; �1; �3; x0; !0 with

integrations over y; !; �1; �3; while the input data only

depends on the variables, y; !; h. Thus, we apply sta-

tionary phase to carry out the integrals in �1; �3; thereby

reducing the processing in (1) to integration over the

variables, y; !, that appear in the data.

This formalism is a mapping from space/frequency

to space/frequency, easiest for asymptotic analysis.

However, we can transform this operator to the more

familiar variables of Hale DMO by using asymptotics,

again. The result is

u0(x0; !0) =
1

2�

Z
dkdtn

A

�
1 +

2k2h2

!20t
2
n

�

� U(k; t; h) expfi�g; (2)

tn =
p

t2 � (2h=c)2; A =
p
1 + (kh=!0tn)2;

� = kx0 + !0tnA:

The result (2) di�ers from Hale's through the factor in

square braces under the integral sign.

The Born approximation yields point scatterer mod-

eling. Thus, we have no a priori idea of how this op-

erator will treat re
ection data. To determine these ef-

fects, we apply the formula to ray theoretic or Kirchho�-

approximate re
ection data and use asymptotic analysis

to carry out all of the necessary integrations. It is this

output that leads to the interpretations described in the

next section.

DMO results

Here, we explain our DMO result with simple WKBJ

or ray theoretic models for the response to an arbit-

rary curved re
ector in 2.5D. In Figure 1, the zero-o�set

point x0 and the �nite o�set source/receiver pair, y�h,

share the same specular point, (x(s); z(s)). For a single

anticlinal specular point,? as shown in the �gure, the

�nite o�set re
ection data is given asymptotically by

? The analysis is valid for synclinal re
ection points, includ-

ing buried foci.
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Figure 1. Specular geometry for DMO processing.

u(y; !; h) =
F (!)R(cos �S)

4�(r+ + r
�

)

r
�0 cos2 �S

r0 + �0 cos2 �S

� expfi!(r+ + r
�

)=cg; (3)

with zero-o�set limiting form,

u(x0; !; 0) =
F (!)R(1)

8�r0

r
�0

r0 + �0

� expf2i!r0=cg: (4)

Here, F (!) is the source signature and R(cos �S) is the

geometrical optics re
ection coe�cient at specular in-

cidence angle �S ; R(1) = R(cos 0) is the zero o�set

(normal incidence) re
ection coe�cient. For �nite o�-

set, the traveltime from source to re
ector to receiver

at propagation speed c is (r+ + r
�

)=c; for zero-o�set,

the traveltime is 2r0=c. The factor, 1=(r+ + r
�

) is the

planar geometrical spreading depending on the dip of

the re
ector, only, while the factor,r
�0 cos2 �S

r0 + �0 cos2 �S
;

is the spreading e�ect due to curvature; �0 is the ra-

dius of curvature at the specular point. The geomet-

rical dip spreading e�ect for the zero-o�set model is

2r0. Note that the e�ect of curvature at any o�set is

expressed in terms of r0, and that it di�ers from the

zero-o�set curvature e�ect only in that the e�ective ra-

dius of curvature is �0 cos
2 �S in the �nite o�set case.

By asymptotic analysis, we �nd that the output of

our DMO processing on re
ection data is

u0(x0; !0) =
F (!0 sec �S)R(cos �S)

8�r0

r
�0

r0 + �0

� expf2i!r0=cg: (5)
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Figure 2. Theoretical and computed re
ection coe�cient for

a circular re
ector.

A comparison of equations (3), (4) and (5) will con-

�rm the list of features of the DMO processing outlined

above.

A numerical check on this claim is provided by the

following example. We generate synthetic data for re-


ection from a circular cylinder and process it with our

DMO formalism. We estimate the e�ects of geometrical

spreading and source signature to examine the re
ection

coe�cient from the DMO output position after DMO

and compare to the known result for this geometry. In

Figure 2, we show both results, with the theoretical res-

ult shown in black and the output of the DMO formalism

shown in gray. The parameters used were 2h = 1km;

depth of the top of the circular re
ector, 1km; radius of

the re
ector, 1km; frequency range, 25-100Hz; velocity

above the re
ector, 2km/s, velocity below the re
ector,

4km/s. The theoretical and computed values of the �nite

o�set re
ection coe�cient are seen to be in good agree-

ment over the range of zero-o�set points, 1km-5km, with

the maximum error at the left end, less than 5%.

O�set continuation

The OCPDE derived in earlier papers [Fomel, 1994,

1995a] is

h

�
@2P

@y2
�

@2P

@h2

�
= tn

@2P

@tn @h
: (6)

We solve this equation by the WKBJ method in the

time domain. This leads to the following eikonal and

transport equations for the traveltime and amplitude of

P :

h

"�
@�n

@y

�2

�

�
@�n

@h

�2#
= � �n

@�n

@h
; (7)

and

�
�n � 2h

@�n

@h

�
@An

@h
+ 2h

@�n

@y

@An

@y

+hAn

�
@2�n

@y2
�

@2�n

@h2

�
= 0 : (8)

Let us consider Kirchho� approximation model data

for re
ection in 3D:

uS(y + h; y � h; t) =

Z
�

R(y + h; y � h;x(�))d�

�
@

@n
[As(x(�); y � h)Ar(x(�); y + h) (9)

� f (t� �s[x(�); y � h]� �r[x(�); y + h] ) ] :

One can show that the integrand on the second and third

lines here satis�es the eikonal equation and transport

equation (7) and (8). This means that if we hold R at

its value for the input o�set, the remainder of the amp-

litude propagates in accordance with the OCPDE, (6),

to the order of accuracy of WKBJ. However, we know

that the application of the method of stationary phase

to this Kirchho� data with �xed R will exactly produce

the right geometrical spreading|both planar and 3D

curvature e�ects|for any o�set h. In particular, if we

propagate the solution of the OCPDE to h = 0 and

specialize to 2.5D, it will produce the result (4), above.

These are the results we claimed in the Introduction.

AVA/AVO analysis

We consider now the result (5) in the time domain, for

�xed value of x0, focusing on a particular re
ection

event, and evaluate the output at its peak value; that

is, when the time variable, t0 = 2r0=c. The peak value

is given by

U
0PEAK = cos �S

R(cos �S)

4r0

r
�0

r0 + �0
F0;

F0 =
1

2�

Z
F (!)d!: (10)

We now introduce a second DMO operator,,

u1(x0; !0) =
1

2�

Z
dktdtn

tnA2

�
1 +

2k2h2

!20t
2
n

�

� U(k; t; h) expfi!0�g; (11)

which di�ers from the operator (2) only in the multiplier,

t=(tnA). The same asymptotic analysis that produced

our peak prediction, (10), also predicts that

U
1PEAK =

R(cos �S)

4r0

r
�0

r0 + �0
F0: (12)

Now we have the tools for AVA/AVO analysis.

First, the ratio of the two peak outputs provides an es-

timate of cos �S for each value of h! Thus, we obtain
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a table of values of cos �S as a function of h simple by

graphing the ratio, U
0PEAK=U

1PEAK = cos �S, as a

function of h. Second, for constant background, the ar-

rival time of this event produces an estimate of geomet-

rical spreading in both peak outputs. To proceed fur-

ther, we require data at critical re
ection. We recognize

the critical o�set by a cusp in the graph of the peak

amplitude versus o�set. At this critical o�set, we can

estimate cos �S again, now for �S = �critical, but we

also know that R = 1 at critical. So, the only unknown

in (12) at critical is the product,r
�0

r0 + �0
F0;

and we determine that product from the critical angle

output! This factor is a constant of the outputs for all o�-

sets, hence we can divide it out of our output, U
1PEAK,

leaving us with an estimate of R for each choice of h or

cos �S.

Of course, we do not know the spatial location of

this re
ection even, but only where it resides in time on

the trace at x0, for all h. To �nd its spatial location,

it would be necessary to actually carry out the zero-

o�set migration on the DMO transformed (and stacked)

pseudo zero-o�set data.

This is the AVA/AVO analysis for true amplitude

DMO processing.

Conclusions

We have described here results of asymptotic analysis

of a true amplitude DMO processing algorithm and of

an o�set continuation partial di�erential equation. They

are equivalent at o�set zero in 2.5D. However, the OC

result is true for all o�sets and does not depend on the

2.5D assumption. It is thereby a far more general result.

We have further shown how the output of the DMO pro-

cessing could be used for a limited AVO/AVA analysis.

The limitations are, �rst, that we only know the trace

location of the re
ection even, not its spatial location

and, second, that we require observations at su�cient

wide o�set to observe critical re
ection.
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